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Matroids from algebraic geometry

Definition (Algebraic matroid)

Let E be a finite set and let V C CE be an irreducible variety. Let S C E.
Denote by 75 : CE — C° the corresponding projection map. Then S is:

© independent if ms(V) C C° satisfies no nontrivial polynomials

@ a circuit if ms(V) C C? is a hypersurface and each S’ C S is
independent

@ spanning if dim(ws(V)) = dim(V)
This defines the (algebraic) matroid of V, denoted M(V).

Let E = {1,2,3} x {1,2,3} and V C CE be the set of 3 x 3 matrices of
rank < 1. Define S :={(1,1),(1,2),(1,3),(2,1),(2,2),(3,3)}.
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Algebraic matroid characterization problems

Problem

Let E be a finite set and V C CE be an irreducible variety. Describe
combinatorially the subsets S C E that are independent in the algebraic
matroid underlying V.

E will be (edges of) a complete (bipartite/gain) graph, so each S C E can
be thought of as a (bipartite/gain) graph

m X n matrices > rl cl
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Some characterizations

Proposition (Folklore)

M(Mat™*") is the graphic matroid of Km, , and M(CMY) is the graphic
matroid of K.

Theorem (Geiringer 1927, “Laman’s Theorem™)

A graph G is independent in M(CM3) if and only if every subgraph of G
on v vertices has at most 2v — 3 edges.

Theorem (B-, 2016)

A graph G = ([n], E) is independent in M(Skew5*") iff there exists an
acyclic orientation of G that has no alternating closed trail.

Theorem (B-, 2016)

A graph G = ([m], [n], E) is independent in M(Maty™*") iff there exists an
acyclic orientation of G that has no alternating cycle.
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Open problems and conjectures

Can independence in M(Skew5 ") or M(Mat'*") be determined in
polynomial time, or is this decision problem NP-complete?

M (Skew5 ™) is the maximum matroid (in the weak order) on K, such
that every copy of K4 and K33 is a circuit.

M(Mat™*") is the maximum matroid (in the weak order) on Ky, » such
that every copy of K33 is a circuit. More generally, M(Mat]"*") is the
maximum matroid on Ky, , such that every copy of K,11 41 Is a circuit.

Problem

Develop a general theory of (representable) matroids with graph symmetry.
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